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Some simple similarity solutions are presented for the flow of a viscous fluid near
a sharp corner between two planes on which a variety of boundary conditions
may be imposed. The general flow near a corner between plane boundaries at
rest is then considered, and it is shown that when either or both of the boundaries
is arigid wall and when the angle between the planes is less than a certain critical
angle, any flow sufficiently near the corner must consist of a sequence of eddies of
decreasing size and rapidly decreasing intensity. The ratios of dimensions and
intensities of successive eddies are determined for the full range of angles for
which the eddies exist. The limiting case of zero angle corresponds to the flow at
some distance from a two-dimensional disturbance in a fluid between parallel
boundaries. The general flow near a corner between two plane free surfaces is also
determined; eddies do not appear in this case. The asymptotic flow at a large
distance from a corner due to an arbitrary disturbance near the corner is mathe-
matically similar to the above, and has comparable properties. When the fluid
is electrically conducting, similarity solutions may be obtained when the only
applied magnetic field is that due to a line current along the intersection of the
two planes; it is shown that the effect of such a current is to widen the range of
corner angles for which eddies must appear.

1. Introduction

It is well known that the Stokes equation for the stream function ¥ (r,d),
V4 = 0, admits separated solutions in plane polar co-ordinates (r, §) of the form

¥ =rfi0), (1.1)
where A is any number, real or complex, which may conveniently be called the

exponent of the corresponding solution. In general the form of the function f,(6),
involving four arbitrary constants, 4, B, ¢ and D, is

Ja(0) = A cos A0+ Bsin A§+ C cos (A—2) 0+ Dsin (A —2) 6, (1.2)

in the particular cases when A = 0, 1 or 2, this solution degenerates to the forms
Jo0) = A+ BO+C0*+ DG, (1.3)

f1(0) = AcosO+ Bsin0+ COcos 0+ DOsin 0, (1.4)

So(0) = A cos 20+ Bsin20+C0+ D. (1.5)

These solutions are relevant to the flow between two plane boundaries meeting
at a sharp corner. The boundaries may be rigid walls on which the fluid velocity
is prescribed, or surfaces on which the stress is prescribed (the pressure distribu-
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tion on the surface being such as to keep it plane). Three distinct categories of
flow can be described by these separated solutions. In the first category, a non-
zero velocity or stress is prescribed on one or both boundaries, and the flow is
described by a particular integral of the biharmonic equation satisfying appro-
priateinhomogeneous boundary conditions. One such situation has been described
by Taylor (1960); this arises when one rigid plane is scraped along another at a
constant velocity and angle. This and related situations are considered in §2;
in each of these situations, the exponent A is a positive integer, whose value is
determined on dimensional grounds.

In the second category either the velocity or the tangential stress vanishes on
each boundary. The flow near the corner is induced by a general motion at a large
distance from the corner; for example, fluid may be driven into the corner near
one of the boundaries and out of the corner near the other—such a flow might be
realized near the corners of a triangular container of viscous fluid when a cylinder
is rotated anywhere inside it. In this case, the complementary function of the
biharmonic equation is sought, satisfying homogeneous boundary conditions. This
problem seems to have been first considered by Rayleigh (1920), who showed
that no solution of the form (1.1) with integral exponent could satisfy the four
boundary conditions. Later Dean & Montagnon (1948) showed that for angles
between the planes less than about 146°, the exponent is necessarily complex. In
this paper, this result is interpreted as implying the existence of an infinite
sequence of eddies near the corner; the structure of these eddies is described in § 3.
Itis interesting that viscosity, usually a damping mechanism, is here responsible
for the generation of a geometrical progression of eddies. The damping mechanism,
however, is still present, and the ratio of the intensities of successive eddies is
high. Even in the most favourable circumstance it is greater than 300, so that,
although it should be easy enough to observe one such eddy, to observe a sequence
of eddies might present insurmountable experimental difficulties. The presence
of at least one solid boundary is essential to the formation of eddies; the flow
between two free surfacest is determined in §3, and the appropriate exponent
is always real.

The flows in this second category all have finite velocity at the corner r =0.
This implies that the real part of the exponent A is greater than unity. If the
real part of A is less than unity, the velocity in the corresponding flow is infinite at
r = 0 but tends to zero as r - co. Such solutions may describe the flow at a large
distance from the intersection of two planes when some steady disturbance is
present near the origin. This is the third category of possible flows, and is con-
sidered in § 4. Eddies appear also in this case; the dimensions of successive eddies
increase with distance from the corner and their intensities decrease in the same
ratios (for a given angle) as for the flows of the second category.

In all cases, it is important to determine for what range of values of r the Stokes
approximation is valid. If (for the moment) we write (1.1) in the form

Y = Arf(6)

t In this paper, the term ‘free surface’ is used to describe a fluid surface that is not
bounded by a rigid wall; it may, however, be subjected to tangential and normal stresses.
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where A is a dimensional constant and f(0) is of order unity, then the corre-
sponding velocity u is of order Ar? where p is the real part of A — 1. The orders of
magnitude of the inertial acceleration u.Vu and the viscous force vV?u are then
given by u.Vu = 0(4%?-1), pV2u = O(vAr®—2), so that the inertial term is
negligible provided Appil

14

_R—.:

<1

where R is the Reynolds number based on distance from the corner. Hence if
Re (A) > 0, inertia forces are negligible for sufficiently small , while if Re (A) < 0,
inertia forces are negligible for sufficiently large r. In the critical case in which
A = 0, 4 has the same dimensions as v, and the Reynolds number is independent
of 7. The corresponding solution, in which velocities are proportional to r—1, is
simply the low Reynolds number limit of the exact solution of the Navier—
Stokes equations representing the flow due to a source or sink at the inter-
section of two plane boundaries (Jeffery 1915).

It is interesting to inquire whether magnetohydrodynamic forces can sign-
ficantly alter the effects outlined above. Similarity solutions of the type (1.1)
still exist when the only applied magnetic field is that due to a line current along
the intersection of the two planes. Physical intuition suggests that increasing the
current will provide a Lorentz force in the fluid which tends to promote the
formation of eddies near the corner. It is shown in §5 that when a Hartmann
number based on the line current strength is equal to unity, eddies form, no
matter what the angle between the bounding planes. Even if this angle is reflex,
the same effect occurs, so that, for example, the Stokes flow near the leading edge
of a wedge has the character of an infinite sequence of eddies if a sufficiently strong
line current flows along the leading edge; the edge is in a sense shielded from the
external flow.

2. Some simple similarity solutions when a velocity or stress is
prescribed

The particular situation considered by Taylor (1960) is sketched in figure 1 (a).
The plane § = a is at rest and the plane § = 0 is scraped along parallel to itself
with velocity U. Near the corner, where the Stokes approximation is valid, the
stream function is independent of kinematic viscosity v, and dimensional analysis
shows that ¢ must be of the form ¥ = Urf,(0); the corresponding velocity com-
ponents are 0

w=1%_vro, v=-Y-_vp0).
The boundary conditions
f1(0) =0, fi(0)=1, fi(a)=fi(e) =0,
determine the constants 4, B, C and D in (1.4), giving after a little simplification
fi=—(sin?a—a?)~1{x(0sin 0 — asin ) — G sin (0 — ) sin o} (2.1)

A similar situation arises when a flat plate is drawn into a viscous fluid with a
free surface (figure 1(b)). Surface tension is neglected, and it is supposed that
1.2
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gravity keeps the free surface horizontal. The boundary conditions for the
situation of figure 15 are

fil—a) =0, fi(-a)=1, fi(0)=[1(0)=0,
and the corresponding form of f,(#) is
fi(8) = (sina cosa—a)~1 (6 cos fsin o — & cos asin ). (2.2)

The velocity of particles on the free surface is

L e 1
sino occosoc)=_U{1_(oc sina) (14 cosa)

u:U'O:—U—“—'.“‘ s
s 11(0) (a—smoc COs o a—sina cosa

f==a
6=0
\ a
U
a
7 7 4 7 7 I4 7 [ I 7T 0=0
foe—
*®.

}. (2.3)

—_U

(@

Ficure 1. Flow in a corner, characterized by a boundary velocity U.

The second form for u, shows that the fluid particles on the free surface move
towards the corner with a speed independent of » and less than the speed of the
plate U. The speed of the particles suddenly increases to the value U as they meet
the plate and turn the corner. This infinite acceleration is brought about by an
infinite stress and pressure (both of order #—') on the plate at the corner. The
solution breaks down very near the corner where the free surface must be distorted
both by surface tension and by pressure gradients of the order of the weight (per
unit volume) of the fluid.

Certain simple flows exist that are described in a similar way by stream
functions of the type (1.1) with exponent A = 2. Consider, for example, the flow
between two hinged planes 6 = 4« which rotate relative to each other with
angular velocity — 2w (figure 2 (a)). The bisecting plane may be chosen as the plane
6 = 0. The flow is unsteady (da/dt = —w), but the acceleration terms of the
equations of motion are negligible in the region near 0 defined by wr?/v < 1. The
stream function must, on dimensional grounds, be of the form

Y = wrify(0). (2.4)
The boundary conditions implied in figure 2{(a) are
fol@) = —fo(—a) = §, fala) =fo(~a)=0.
Applying these to the funection (1.5) gives the appropriate solution
Ja(0) = 1(sin 2a — 2a cos 20¢) 7 (sin 26 — 20 cos 2a). (2.5)
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The streamlines are indicated in the figure. The corresponding pressure distribu-
tion is of order log r near the corner. The same solution, in the region —a < 0 < 0
alone, describes the flow between a rotating plane and a horizontal free surface.
(Here again, surface tension and large pressure gradients must distort the free
surface very near the corner.)

Another example of a flow that is described by a solution with exponent A = 2
is sketched in figure 2 (). Here the wall 0 = 0 is at rest and a constant stress 7 is
applied to the free surface 0 = a. The boundary conditions are

u=v=0 on 0=0;, v=0, L ov T on 0= o.

rof wp
f=a \

(7]

f=a

(a) ®
Figure 2. Flow in a corner characterized (a) by an angular velocity @, and
(b) by a surface stress 7.

Hence i is proportional to 7/vp and must take the form

-T2
=5 prfz(‘g)
with boundary conditions

fo0) = f50) = 0, fyla)=0, fya)=
These define the solution

[

f2(6) = 4(cos 2 —1)~1{(cos 20 — 1) cos 26 + sin 2o sin 260 — 20sin 22+ 1}.  (2.6)

3. Flow near a sharp corner induced by an arbitrary disturbance
at a large distance

If two rigid boundaries are fixed at an angle 2, it is possible to induce a flow
near the corner simply by stirring the distant fluid. It may be anticipated that the
flow pattern sufficiently near the corner may be to some extent independent of
the nature of the energy input at a large distance. It is the purpose of this section
to describe the nature of the asymptotic flow near the corner. A mathematical
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solution of this problem was partially determined by Dean & Montagnon (1948),
but the solution will be rederived here in a form more amenable to interpretation.
We assume that in the Stokes régime the stream function can be expanded in a

seriest of the form -
21[, =3 An r/‘nf,\n(ﬁ), (3.1)
1

where the A, are suitably chosen and ordered so that

1 < Re(d;) < Re(A,) < ....

.

Antisymmetrical Symmetrical

Fiecure 3. Flow in a corner between rigid boundaries, induced by an arbitrary two-dimen-
sional agitation at a large distance.

The A, are constants. If the A, are complex, the real part of (3.1) is understood
to berelevant. The first of the inequalities following (3.1) ensures that the velocity
vanishes at the intersection. Sufficiently near the corner the first term dominates

and b~ Ay (6), (3.2)
provided 4, + 0.

Clearly the stirring force may produce either an anti-symmetrical or a sym-
metrical flow pattern near the corner (figure 3). The corresponding stream
function ¥ (r, 6) is an even or odd function of 6, respectively. The general flow
will of course be a mixture of the two, but it is convenient (and permissible,
in view of the linearity of the Stokes equation) to consider the types separately.
In the symmetrical flow, the stress component (1/r) /08 vanisheson 8 = 0, so
that again the flow between a rigid boundary and a free surface (¢ = 0) will be

+ One particular case, in which the outer stirring mechanism is specified, has been
completely solved and the constants 4, in the expansion (3.1) obtained explicitly. It is
supposed that the motion is generated by the motion of ‘sleeves’ inserted in the boundaries
6 = tain theregiona < r < b, each sleeve moving with uniform velocity V. The problem
is solved using the Mellin transform, and the series (3.1) ernerges as the sum of the residues
at poles in a contour integral. The details of this solution are in course of publication
(Moffatt 1964).
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simultaneously determined. If 2« > 7, the flow is that round or past the leading
edge of a wedge (figure 4).

The spreading of the streamlines implied by the retardation as the corner is
approached is worth noticing. The streamline pattern in the antisymmetric case
is to be contrasted with that of the potential flow of an inviscid fluid.

f=a
= —a
Antisymmetrical
(@)
f=a
f=—ua
Symmetrical
(b

Ficurt 4. The general viscous flow near a corner of reflex angle.

3.1. Antisymmetric flow between rigid boundaries
For this type of flow, f,(6) is even, so that the constants B and D in (1.2) vanish

d
an f1(0) = Acos A0+ Coos(A—2)6. (3.3)
Both velocity components vanish on # = + « provided f(+a) = f'(+a) = 0, so

that
AcosAa+Ccos(A—2)a = 0,1

. . (3.4)
AAsinAa+C(A—2)sin{A—-2)a = 0,

Hence for a non-trivial solution, A satisfies an equation which reduces to the form

sin 2ua = — pusin 200 where u = A-—1. (3.5)
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It was noticed by Dean & Montagnon that when 2« is less than a critical angle
20; say, approximately equal to 146°, this equation admits no real solutions
(other than g = 0 which is physically irrelevant here, since for A = 1 the appro-
priate form for f,(0) is (1.4) rather than the form (3.3) used above). As 2a increases
from 2, to 7, the number of real solutions of (3.5) increases from one to infinity.
The complex solutions, when 2« < 2a;, may be determined by writing
[t = p-+1g, whereupon (3.5) gives the two real equations
sin 2ap cosh 2ag = — psin 2a,
cos 2ap sinh 2aq = — ¢ sin 2a,
or, in terms of the variables £ = 2ap, 7 = 2ag and the positive parameter
k = sin 20./2a, sin§ coshy = — Lé,}

cosé ginh £ = — k. (3.6)

2a° & i In p, In @, & N2 In p, In @,
0 4-21 2-26 0-00 5-87 7-50 2-76 0-00 8:53
10 4-21 2:25 0-24 587 7-50 2-76 0-198 8:53
30 4-22 2-20 0-75 6-02 7-50 272 0-606 8-66
50 4-24 2-11 1-30 6:32 7-52 2:63 1-04 9-07
70 4-26 1-97 1-94 6-79 7-54 2:51 1-53 9-64
90 4-30 1-77 2-79 7-63 7-57 2-32 2-13 10-43
110 4-35 1-47 4-10 9-29 7-61 2-02 3-:00 11-83
130 4-42 1-02 6-98 13-60 7-66 1-62 4-40 14-85
140 4-46 0-64 11-91 2175 7-68 1-35 568 17-89

201, 4-48 0-00 0 co — — — —
150 — — -— -— 7-70 0-95 865 2520
2a, —_— — — — 7-73 0-00 © o

TasrLE 1. Length and velocity scale factors for corner eddies.

Clearly, any solution (£,, 7,,) of these equations must be such that both sin £, and
cos £, are negative, and this condition is satisfied provided

Crn—-1ymr<§, <(2n—%)7. (3.7)

It is, moreover, not difficult to see that there is a solution (£,,7,) of (3.6) with £,
in the range (3.7). The corresponding eigenvalue A, is given by

Ay =14 2a) (&, +1,). (3.8)

Interest centres chiefly on the value of A;, since as observed already (equa-

tion (3.2)), it will determine the asymptotic behaviour near the corner. The values

of this quantity corresponding to angles 2 greater than 1 were given by Dean &

Montagnon. We are more interested here in acute angles, and the values of £,

and 7, as calculated from (3.6) for different values of the angle 2« are given in
table 1. The corresponding values of A, may be easily deduced.

The interesting feature of the solution that is implied by the complex exponent

is the sequence of eddies that must be induced near the origin. To see this it is

simply necessary to write the asymptotic stream function in the form

Y~ rii(AdcosA; 0+ Ccos(A;—2)0)
A
=A' (:—0) ' [cos A, 0 cos (A; —2) x— cos (A; — 2) O cos A, a], (3.9)
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where 4’ = Arjisec (A, — 2) «, 7, being an arbitrary length scale, whose significance
will emerge later. The transverse component of velocity on the plane § = 0 is then

oy S 1\
Yoo = = (a—r)ezo ~ (atib)z (ro) :

where a+1b = —A; 4'[cos (A —2)a—cosA; a.
\ A1 p1+1+igy P11
Now (1) = (1) ’ = (1) exp (iq; In7r/ry)
7o 7o 7o

A LA WP !
= ()" [eor (i )+ n (m )]

and since the real part of the expression for v,_, is understood, we have

o1/ r\Putl r . . r
vy_o ~ Re (@ +1b) - (r_) [cos (ql In rﬁ) +isin (ql In r_)]

0 0 0

1 (r\Ptl | r
=7 (7'_0) sin (ql lnr—o+ e) , say. (3.10)
This expression changes sign infinitely often as the point r = 0 is approached.
In fact vy_y = 0 for values of r satisfying

qllnri-}—e =-nr (n=2012..),
0

ie. r=ry(efM)e M = , say. (3.11)
It is clear that r, is the distance of the centre of the nth eddy (counted from any
chosen eddy) from the corner. Note that

T T — T s
LENRE B R (3.11a)

Tntr  Tatr " Toye

so that the dimensions of successive eddies fall off in geometric progression with
common ratio p, = e, depending only on the angle 2« as the corner is ap-
proached. The absolute size of the eddies, however, is proportional to the length
scale r,, which is determined (as is the parameter ¢) by conditions far from the
corner where the stirring forces agitate the fluid.

The velocity v,_, has a local maximum at the points

r=17py = (ree?0)exp[—(n+4)7m/q],

and the velocity at these points is

Y — D1
V= r€1+1r"”+i = U,,H‘%, say.

This may be taken as a measure of the ‘intensity’ of consecutive eddies. The
intensities therefore fall off in geometric progression with common ratio

@, = Un+i - (Tlﬁ)pl = e™PU, (3.12)
vn+% rn»!‘%

a quantity which also depends only on the angle 2.
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The parameters p, and w, seem to provide the best description of this sequence
of eddies; their logarithms are given in table 1, and these are displayed for the
relevant range of the angle 2« in figure 5. It will be observed that p; is of order
unity, so that adjacent eddies are of comparable size, for values of 2« up to about
40°, but for larger corner angles p, increases to about 10 at 2 = 90° and very

20

18-

16+

14

) 146°
156°

—
o
T

,._.
o
T

lnoe,

Ino, In p, /1n p,

1 i 1 I !
0 30 60 90 120 150

2a°

Ficure 5. Intensity and scale factors for symmetric and antisymmetric corner eddies.

rapidly when 2« approaches 146°. The relative intensity of adjacent eddies is
always large, its minimum value, wmin & 365, being attained in the limiting case
2o = 0. For aright angle, w, ~ 2000 and the eddy intensity falls off very rapidly
as the corner is approached. The relative eddy sizes and intensities are indicated
in figure 6 for two different corner angles, 2o = 20° and 60°. The relative dimen-
sions of the eddies are approximately correct, but their shapes have not been
calculated exactly and are only indicated schematically. All the eddies (for a
given corner angle) are geometrically and dynamically similar, but with suc-
cessive changes of length and velocity scales represented by the factors p; and w,.
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When 2« > 146°, equation (3.5) has a real solution x which was tabulated by
Dean & Montagnon. It decreases continuously from the value 1:76 when
20 = 146° through 1:00 when 2a = 180° (simple shear flow) to 0-50 when
20 = 360° (flow round the edge of a flat plate). Thus eddies do not appear under
general conditions if 2o > 146° (although under certain artificial conditions far

-

(b)

Freure 6. Sketch of streamlines in corner eddies (a) for 2a = 60°, (b) for 2o = 20°; the
relative dimensions of these eddies are approximately correct, and the relative intensities
are as indicated.
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from the corner, the leading coefficients in the expansion (3.1) might vanish, and

the critical angle at which eddies disappear would then be greater than 146°).
It is easy, in principle, to derive the equations of the dividing streamlines on

which i = 0. For, returning to (3-9), it is clear that ¢ may be written in the form

Y= (;;)pﬂ {cos (qln ) Re g(0) —sin (qln ) Im g(@)}
where g(0) = A’{cos A0 cos (A — 2) a — cos (A — 2) O cos Ao}

Hence the dividing streamlines are given by

tan [g+qln 1'1] = tanargg(6) = tan ¢(8), say,
)

so that qln;=¢(0)——g-—7m (n=0,1,2,..)),
0 2
1 7
or 7 = ryexp {a [¢(0)—§+7m]}. (3.13)

Since ¢(6) can, in principle, be computed, this equation gives explicitly the shape
of the nth dividing streamline.

VA A A R A A i

SO O o

777 T T T T 7 77 7 T 7 7T 7T 7777

FIGURE 7. The eddy pattern in the limit 2a - O, the source of the fluid motion is a rotatmg
cylinder between the planes y = *a.

The limiting case 2c — 0 is of peculiar interest. The limiting form of the stream
function ¥ was given (in terms of the complex variable z = re?) by Dean &
Montagnon, but the implication of a sequence of viscous eddies again seems to
have escaped attention. The limit is taken by first fixing one point on each plane
(not the vertex) and then allowing the angle 2a to decrease, so that in the limit
we consider the flow between two parallel planes at some distance from an
arbitrary disturbance. The simplest experimental set-up might be to set the
fluid in motion by rotating a cylinder with constant angular velocity between the
two planes (figure 7). The appropriate stream function i for the flow at a large
distance may be determined either by taking the appropriate limiting form of
(3.9), or more simply by looking for a suitable solution of the equation V)r = 0

of the form Y~ fly) e, (3.14)

in Cartesian co-ordinates (x,y), the origin being in the neighbourhood of the
disturbance. If the even function f(y) satisfying the differential equation, viz.

f(y) = Acosky+ Bysinky, (3.15)

is made to satisfy the boundary conditions f = f* = O ony = * a, the parameter k
is found to satisfy the equation

2ka + sin 2ka = 0,
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which is simply the limiting form of (3.5) as &« — 0, ot - ka. As already observed,
this equation has no real solution, and the relevant imaginary solution (i.e. that
with smallest positive real part) is

oka = lim (£, +7p,) = 421+ 2-26, (3.16)
2a—0

from table 1. The eddies implied by this solution are all of the same size; the
wavelength of the disturbance far from the cylinder is approximately
27 2m.2a

= = * .1
iy 596 5-56a, (3.17)
and the damping factor (i.e. the relative intensity of successive eddies) is
approximately W, o = Y ~x 350. (3.18)

The streamlines must have the form indicated in figure 7.

3.2. Flow between o rigid boundary and a free surface
For this type of flow f,(0) is odd, so that 4 = C = 0in (1.2) and
f1(f) = Bsin A+ Dsin (A —2) 6. (3.19)
This represents either symmetrical flow between the planes ¢ = +« or flow

between the rigid boundary 6 = —« and the free surface ¢ = 0. The boundary
conditions in this case lead to the equation

sin 2pet = + psin 2 where u = A—1. (3.20)
This equation has no real solutions if & < @, =~ 78°, and eddies therefore form in
the corner between a free surface and a rigid boundary if the angle is less than
this critical value.

The imaginary roots 2au = £, + 17, of (3.20) having the least possible positive
value of £, (between 27 and $77) have been calculated and are also listed in table 1.
The logarithms of the scale and intensity factors p, and @, which characterize
these eddies are also listed. It will be noticed that p, < p, for all a, so that their
dimensions fall off less rapidly than those of the corresponding eddies in the
former case, but w, > w, and the intensity in fact falls off very much more
rapidly for the second type of eddy.

When 2o > 2, & 156°, equation (3.20) has a real root x which decreases from
2:84 when 20 = 2a, through 2-:00 when 2a = 180° to 0-50 when 2 = 360°. This
last value gives a stream function proportional to r# representing a symmetrical
flow near the leading edge of a flat plate; it is the same as that proposed by
Carrier & Lin (1948), for the flow near the leading edge of a flat plate in a uniform
stream parallel to the plate.

The stream function again tends to a simple limiting form when @ - 0, and
describes the flow far from a two-dimensional disturbance in a fluid lying on the
plane ¥ = 0 and having a free surface y = a. The flow once again exhibits eddies,
whose dimension in this case is approximately

it m2a  2am
—_— = 1. —_— = ———— = 2’28
Imk ;2, 7y 276 “

in the z-direction. The damping factor is €58 x 5000, so that to observe even one
eddy in this case might be a matter of considerable experimental difficulty.



14 H. K. Moffatt

3.3. Flow between two free surfaces

The case of flow between two intersecting free surfaces is perhaps less realistic,
although such a situation has been observed in experiments in which a bubble of air
rises through a very viscous liquid (B. G. Cox, private communication). It seems
worth while including the case here simply by way of contrast with the preceding
cases, because it appears that eddies can in no circumstances form near a corner
bounded by two free surfaces. The presence of at least one solid boundary is
crucial as far as the possible formation of eddies is concerned.

Only the antisymmetric flow between the boundaries 6 = 1 a is considered,
(the symmetrical flow is very similar) and the stream function is again assumed
to be of the form (1.1) with

fa(0) = 4 cos AG+ Beos (A —2)6. (3.21)

Tt is assumed that the positions of the free surfaces & = + a are maintained by
the application of the appropriate pressure distribution which can be calculated
from the stream funection (3.28). The conditions satisfied on the free surfaces are

Hlta) =fi(£a) =0, (3.22)
so that Acosda+Beos(A—2)a = O,} (3.23)
and AA2cos Ao+ B(A—2)2cos (A —2) & = 0. “

Hence, eliminating 4 and B,

(A—1)cosAxcos(A~2)o = 0, (3.24)
Now A =+ 1, for in this case the form (3.21) is inappropriate, so that either

Az = (n+L)7m and B =0, (3.25)
or A=2)a=n+31)mr and A =0, (3.26)

where % is any integer. Thus A is real, precluding the possibility of eddies; and
choosing the smallest possible value of A not less than unity gives

A=2—-7m2a0 if 2a>7
, } (3.27)
w2 if 2a<m
with corresponding stream functions
Y = Bré—m20cog (76/20) if 2a > 7, (3.28)
Armiz=cos(m6[2) if 2a < 77.} '

The flow sufficiently near the corner is therefore rotational if 2o > 7, but irrota-
tional if 2a < 7. These results are in striking contrast with those obtained in
§§3.1 and 3.2.

The situation here contemplated is artificial to the extent that an appropriate
pressure distribution must be applied on the planes § = +  in order to balance
the total normal stress implied by the stream-function (3.28). In the context of
the bubble problem, it is relevant to inquire whether this pressure can be pro-
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vided by the motion (possibly rotational) of a nearly inviseid fluid in the region
|8] > a; but this problem is rather far removed from the central topic of this
paper and will not be pursued further here.

4. The asymptotic flow at a large distance induced by a disturbance
near the corner

All the results obtained in § 3 may be reinterpreted in terms of the flow at a
large distance from a corner induced by a disturbance near the corner (e.g. a line
source of vorticity at the corner). It was observed in the introduction that the
Stokes approximation is valid far from the corner if the real part of the exponent
A of the stream function describing the flow is negative. It is therefore natural to
look again for a stream function of the form (1.1) with Re (A) < 0 satisfying a set
of four boundary conditions corresponding to either rigid or free boundaries.

The same relations for the exponent (equations (3.5) and (3.20)) are obtained
in the cases considered in §§3.1 and 3.2. Clearly if either of these equations is
satisfied by p(= A — 1) = u,,say, thenitisalsosatisfied by 4 = — u,. This provides
the interesting result that if ¥ = #Yf,(0) (Re (A) > 1) is the Stokes flow near a
corner between either two rigid boundaries (case (i)} or a rigid boundary and a
free surface (case (ii)), then ¥ = rA2f(6) (4.1)

is a solution of the Stokes equation V4 representing a flow far from a corner of
the same angle, and satisfying the correct boundary conditions (in either case);
the velocity components of the corresponding flow fall off as r—2+1 for large r.
Only if Re(A) > 2 does the corresponding Reynolds number decrease as r
increases. This condition is satisfied provided

20 < 180° in case (i), } (4.2)

o < 126° in case (ii),
so that, in particular, in all cases where eddies exist, the form (4.1) provides an
asymptotic flow consistent with the Stokes approximation. The dimensions and
intensities of adjacent eddies are again in the same ratios (for a given angle) as
before, but the intensities now decrease with increasing distance from the corner.
The flow patterns of figure 6 may now be reinterpreted as the flow induced far
from the corner by a general disturbance near the corner, but with the indicated
intensities in reverse order.

If o exceeds either of the limits set by (4.2) the velocities implied by the stream
function (4.1) fall off more slowly than #—, and at a large distance from the corner
inertia forces must be taken into account, even if velocities near the corner are
small enough for the Stokes approximation to be valid.

Similar observations may be made regarding the flow between two free
surfaces, but the case is too artificial to merit further consideration here.

5. The effect of an electric current along the intersection of the
two planes

Returning now to the problem of flow near a sharp corner, we suppose that
the fiuid is endowed with electrical conductivity o and magnetic permeability u,
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and we investigate the effect of a line current J along the intersection of the two
planes. Itisintended only to demonstrate the qualitative effect of such a current,
and only one case will be considered, viz. that of antisymmetric flow between two
rigid boundaries 6 = +«. The magnetic Reynolds number R, based on the
velocity at distance r from 0, is proportional to the Reynolds number R

R, (r) = 4muovR(r) (Gaussian units). (5.1)

Hence, sufficiently near 0, R, as well as R will be small. In fact, for typical
laboratory materials, 4muov < 1, so that the approximation R,, < 1 is likely to
be valid over a much wider range than the approximation R < 1.

The magnetic field due to the current J is

9
o= (0.2,0), -

and the induced current in the fluid is

20 u)

j=ouaH, = (o,o,—r—- (5.3)

(in the assumed absence of any applied electric field in the z-direction). The
Lorentz body force in the fluid is then

2
/‘jAHo=(”‘%lﬁ>0,0), (5.4)
where M = potJvi. (5.5)

M is the appropriate Hartmann number for the problem. This body force is a
radial force opposing the radial velocity and may therefore be expected to
promote the formation of eddies near the corner.

The linearized vorticity equation becomes

4M2V A (% 0, 0) = V2,
or, with the substitution
10y _ .
w=rgg @=-VYk
4M2 o2y
4 —
Véyr = s (5.6)

Ty
If Y oc 72f,(0), the equation for f,(9) becomes
d2 d2
[(A_2)2+(ZT92] [/\2+g—02]fl—4M2f,’{ =0, (5.7)
For general M, the problem of determining A is straightforward, though tedious;
the general even solution of (5.7) is of the form

fa=Acosp,0+Ccosp,0, (5.8)

where p3(A) and pi(A) are the roots of the quadratic equation associated with (5.7).
The function (5.8) satisfies f,( + «) = fi( + @) = 0 provided

pytanp, x = pytanp, a, (5.9)
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an equation that defines implicitly the possible values of A. Clearly these values
could be found numerically.

There is one case, however, which can be analysed without recourse to numerical
methods, and which sufficiently indicates the trend. This is the case M = 1, when
(56.7) may be reduced to the simpler form

[d2/d6? + (A - 2)]2f, = 0, (5.10)
with general even solution

fr = Acosub+ DOsin ub, (5.11)
where n=+[AA=2)13 (5.12)

(the root with positive real part being chosen). The boundary conditions
fr=fi=00n0 = +aimply that

A cos poe + Docsin pa = 0,
— Apsin g + D sin por + Dy cos o = 0,
so that, eliminating the ratio 4/D,
sin 2pa 4+ 2pa = 0. (5.13)

This equation admits no real solutions (other than the irrelevant one x = 0) no
matter what the angle . It does, however, admit complex solutions, the one with
least positive real part being

uo= py = (20)7H &y + 1), (5.14)

where g;, = 4-21, 97, = 2-26 are simply the roots of (3.6) with k = 1. The corre-
sponding value of A, from (5.12), is

A=1+(1+pu)}
= 14 (2a)7t [4a® + £3— 93+ 20&y 7o}
= 14 (200)~1 (4 + 12:2 4+ 19-24)3,

(the positive sign being chosen to make Re(A) > 1). This value of A has been
calculated for a few different values of 2a, and it is compared in table 2 with the
corresponding value of A in the absence of a magnetic field. The most striking
effect of the magnetic field is that reversed flow and eddies now form for any angle
20 (including reflex angles). The eddies that form in such a case are the direct
result of the increased ohmic dissipation of energy, and they may fairly be called
resistive in type. It is reasonable now to infer that as M increases from 0 to some
value M, < 1, the maximum corner angle for which eddies form increases from
146° to 360° (there is no reason to suspect non-uniform behaviour in the limit
M — 0); and that for M > M,, corner eddies invariably form for any angle 2c.

The other effect of the magnetic field, indicated by the results of table 2, is
that the real part of A is greater when M = 1 than when M = 0, an effect that is
very slight for small angles, but pronounced for reflex angles. This means that
the velocity falls off more rapidly as the corner is approached when electric
currents are present, as might be expected in view of the second available sink of
energy in this region.

2 Fluid Mech. 18
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The imaginary part of A is small for reflex angles in the case M = 1, so that the
ratio of the dimensions of consecutive eddies is also small. It seems likely, how-
ever, that as M increases the tendency for Im (A) to increase (for any angle) will

A A
2a° M=1 M=0
20 134637 13+6-2¢
90 3-841-4i 384114
140 2:9 +0-82 2-8 4 0-25¢
360 2:1+0-0215 15

TasrLe 2. The effect of the electric current on the exponent A.

S0
=

Fiaure 8. Sketch of the symmetric eddy pattern in the flow past a wedge vertex at high
Hartmann number. An electric current J flows along the intersection of the two planes.

continue, and that the ratio of dimensions of consecutive eddies will corre-
spondingly increase. The type of streamline pattern suggested by these con-
siderations for the symmetric flow at large M near a wedge vertex is sketched
in figure 8.
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